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The paper studies a class of multiple-zone sliding contact problems. This class is general enough to include frictional
and thermal eﬀects, and anisotropic response of the indented material. In particular, a rigid die (indenter) slides with Cou-
lomb friction and at constant speed over the surface of a deformable and conducting body in the form of a 2D half-space.
The body is assumed to behave as a thermoelastic transversely isotropic material. Thermoelasticity of the Green–Lindsay
type is assumed to govern. The solution method is based on integral transforms and singular integral equations. First, an
exact transform solution for the auxiliary problem of multiple-zone (integer n > 1) surface tractions is obtained. Then, an
asymptotic form for this auxiliary problem is extracted. This form can be inverted analytically, and the result applied to
sliding contacts with multiple zones. For illustration, detailed calculations are provided for the case of two (n = 2) contact
zones. The solution yields the contact zone width and location in terms of sliding speed, friction, die proﬁle, and also the
force exerted. Calculations for the hexagonal material zinc illustrate eﬀects of speed, friction and line of action of the die
force on relative contact zone size, location of maximal values for the temperature and the compressive stress, and the max-
imum temperature for a given maximum stress. Finally, from our general results, a single contact zone solution follows as a
simple limit.
 2006 Elsevier Ltd. All rights reserved.
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Models of sliding on planar surfaces of deformable bodies usually involve rigid dies (indenters) whose con-
tours justify the assumption of single-zone contact (see e.g., Galin, 1961; Gladwell, 1980; Tabor, 1981). How-
ever, problems with multiple contact zones often arise in the mechanics of surfaces (see e.g., Ling, 1973; Hills
and Nowell, 1994; Tichy and Meyer, 2000) and are worth studying. Standard multiple-zone contact analyses
(see e.g., Kim and Kim, 2002) consider zones whose number, location and size are assumed, and whose trac-0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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Fig. 1. Multiple-zone sliding contact.
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at least one of which has a low-amplitude wavy surface, often use periodic surface contours and contact zones
of uniform width and either uniform traction distribution or uniformly distributed contact forces (Kuznetsov,
1985; Nosnovsky and Adams, 2000; Kim and Kim, 2002). Also, a 3D static analysis of normal contact by a
rigid die without friction (Chekina and Keer, 1999) makes use of iterations to obtain the contact zone size in
terms of the exerted load and die contour.
The present paper considers multiple-zone dynamic steady-state sliding with friction in plane-strain in
which the number of zones (n > 1) can reasonably be assumed (see Fig. 1). The die proﬁle (contour), friction
and sliding speed, and speciﬁcation of how die force is distributed determine zone size and location, and
whether or not the zone number is less than that assumed. Contrary to the procedure of Chekina and Keer
(1999), an analytical non-iterative solution scheme is followed here.
Our problem involves a rigid die that slides on a 2D half-space at constant speed below the speed of Ray-
leigh waves (sub-critical speed). The half-space responds as a linear, homogeneous, thermoelastic transversely
isotropic solid. In order to reduce the problem to a set of integral equations, an exact integral-transform solu-
tion for an auxiliary problem is ﬁrst developed. This problem involves only tractions speciﬁed on n > 1 trans-
lating surface zones. Robust asymptotic forms are extracted that allow transform inversions to be done
analytically. It turns out that thermal relaxation eﬀects are negligible and classical Fourier heat conduction
governs. Then, the inversions are applied to the original sliding contact problem, whose number of contact
zones is assumed to be n > 1. An exact general solution is obtained, and detailed calculations are presented
for illustration for the case n = 2 and the hexagonal material zinc at room temperature. The results show
eﬀects of sliding speed, friction and die force system on contact zone size and thermal response.2. Basic equations in plane-strain
In terms of Cartesian coordinates (x,y,z), consider a linear, homogeneous thermoelastic half-space y > 0
(see Fig. 1). The half-space is transversely isotropic, with its surface and surface normal deﬁning, respectively,
the plane and axis of material symmetry. The half-space is at rest and at uniform (absolute) temperature T0
when a surface disturbance generates a state of plane-strain in (x,y). The theory of generalized thermoelastic-
ity of Green and Lindsay (1972) is adopted here. According to this theory, the ﬁeld equations in the absence of
body forces and heat sources are written as (see also Dhaliwal and Sherief, 1980; Sharma and Sharma, 2002)oxrxx þ oyrxy ¼ q€ux; oxrxy þ oyryy ¼ q€uy ð1a; bÞ
Kxo
2
xhþ Kyo2yh qcvD0ð _hÞ  T 0D1ðbx _ux þ by _uyÞ ¼ 0 ð1cÞwhereas the constitutive equations are given byrxx
ryy
rzz
264
375 ¼ c11 c12 c13c12 c22 c12
c13 c12 c11
264
375 oxux  axD1ðhÞoyuy  ayD1ðhÞ
axD1ðhÞ
264
375; rxy ¼ c44ðoxuy þ oyuxÞ ð2a; bÞ
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(ux,uy) are the displacements, h is the temperature change, (rxx,rxy,ryy,rzz) are components of the stress ten-
sor, q is the mass density, (c11,c12,c13,c22,c44) are the elastic constants, cv is the speciﬁc heat at constant vol-
ume, (ax,ay) are coeﬃcients of thermal expansion, (Kx,Ky) are coeﬃcients of thermal conductivity, andD0ðf Þ ¼ f þ s0 _f ; D1ðf Þ ¼ f þ s1 _f ð3a; bÞ
bx ¼ axðc11 þ c13Þ þ ayc12; by ¼ 2axc12 þ ayc22 ð4a; bÞwhere (s0,s1) are thermal relaxation times, and D0( ) and D1( ) are corresponding thermal relaxation operators.
Due to thermodynamic restrictions, the material constants should obey the following constraints (Chadwick,
1960; Green and Lindsay, 1972; Payton, 1983)c11 P jc13j; ðc11 þ c13Þc22 > 2c212; c44 > 0; q > 0 ð5aÞ
ðax; ayÞ > 0; ðKx;KyÞ > 0; cv > 0; s0 P s1 P 0 ð5bÞFinally, it is noted that the plane-strain equations of a simpler version of generalized thermoelasticity by Lord
and Shulman (1967) – a theory involving one relaxation time – result as a special case of the above equations
by having the operator D1( ) in (1c) being replaced by D0( ) and the term D1(h) in (2a) being replaced simply by
h.3. Basic integral-transform analysis
In this section, we will obtain a transform solution to a problem that is auxiliary to the original contact
problem. Such a strategy was followed before by the present authors in dealing with problems involving a sin-
gle contact zone (Brock and Georgiadis, 2000, 2001). The present auxiliary problem involves plane-strain sur-
face disturbances caused by normal and shear tractions applied to multiple (n > 1) zones of ﬁxed width that
translate in the positive x-direction at constant sub-critical speed V. It is also assumed that the tractions do not
vary with time, and therefore, after a certain time, a dynamic steady-state will be reached. If a moving Carte-
sian coordinate system is considered that is translated with the same velocity, it then follows from the steady-
state assumption and the well-known Galilean transformation that _f ¼ V oxf , where f is any ﬁeld quantity,
and (ux,uy,h) depend only on (x,y) (see e.g., Brock and Georgiadis, 1997). Boundary conditions along the sur-
face (y = 0) are written asðrxy ; ryyÞ ¼ 0 ðx 62 ZiÞ; ðrxy ; ryyÞ ¼ ðriS; riNÞ ðx 2 ZiÞ; oyh ¼ 0 ð6a; b; cÞ
where i = (1,2, . . . ,n), riNðxÞ and riSðxÞ are normal and shear tractions, and Zi are the translating zones of ﬁxed
width Li. With respect to direction of motion, Z1 is the trailing zone and Zn is the leading one. The condition
in (6c) reﬂects the assumption that surface convection is negligible. Finally, the pertinent ﬁniteness conditions
at remote regions require that (ux,uy,h) be bounded at
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
!1.
We now introduce several quantities that serve the purpose of convenient normalizations. These are a
pseudo-rotational wave speed (as is well-known, in anisotropic materials there are no waves of pure rotation
and dilatation – see e.g., Payton, 1983) vr, the average expansion coeﬃcient a and three thermoelastic charac-
teristic lengths (h,h0,h1)vr ¼
ﬃﬃﬃﬃﬃﬃ
c44
q
r
; a ¼ 1
2
ðax þ ayÞ; h ¼ Kx þ Ky
2qcvvr
; h0 ¼ vrs0; h1 ¼ vrs1 ð7ÞThe following dimensionless parameters serve also the same purpose:ðCx;CyÞ ¼ 2 ðKx;KyÞKx þ Ky ; c ¼
V
V r
; e ¼ T 0
cv
ðavrÞ2 ð8aÞ
a ¼ c22
c44
; b ¼ c11
c44
; m ¼ 1þ c12
c44
; m3 ¼ 1þ c13c44 ; c ¼ 1þ ab m
2 ð8bÞ
aCx ¼ ðbþ m3  1Þax þ ðm 1Þay ; aCy ¼ 2ðm 1Þax þ aay ð8cÞ
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ing orders of magnitude (Chadwick, 1960; Achenbach, 1973; Sharma and Sharma, 2002):h ¼ Oð109 mÞ; e ¼ Oð102Þ; vr ¼ Oð103 m=sÞ; ðs0; s1Þ ¼ Oð1013 sÞ ð9Þ
from which it follows that h > h0 > h1.
The steady-state boundary value problem will be attacked by the two-sided Laplace transform (see e.g., van
der Pol and Bremmer, 1950; Bracewell, 1965) over the x-variable in order to suppress dependence of the ﬁeld
equations and the boundary conditions upon this variable. The direct and inverse operations are deﬁned asf^ ðp; yÞ ¼
Z 1
1
f ðx; yÞepx dx; f ðx; yÞ ¼ 1
2pi
Z
Br
f^ ðp; yÞepx dp ð10a; bÞwhere the variable p is in general complex and Br denotes the Bromwich path of inversion in the p-plane (i.e., a
line parallel to the imaginary axis within the strip of analyticity of f^ ðp; yÞ). Application of the direct transform
to (6) and the steady-state forms of (1)–(4) gives, after some rather involved algebra, the following results writ-
ten in compact form:pu^x ¼ ad 00
X3
k¼1
ðCxB2 þ Kyq2kÞQk expðpqkyÞ ð11aÞ
pu^y ¼ ad 01
X3
k¼1
ðKx þ Cyq2kÞqkQk expðpqkyÞ ð11bÞ
h^ ¼ a
X3
k¼1
ðq4k þ Cq2k þ A2B2ÞQk expðpqkyÞ ð11cÞwhere y > 0 (which is the case of interest) and the coeﬃcients Qk are given byQk ¼
a
aQ
ðqi  qjÞ
r^S
c44
Hðqi; qjÞ þ
r^N
c44
qiqjðqi þ qjÞGðqi; qjÞ
 
ð12aÞwithQ ¼ 
X3
k¼1
ðMyq2k þ NxB2Þqiqjðq2i  q2j ÞGðqi; qjÞ ð12bÞ
ðr^N; r^SÞ ¼
Xn
i¼1
Z
Zi
ðriN; riSÞepx dxx: ð12cÞIn (12a) and (12b), (i, j,k) cycle through (1,2,3), but with i5 j5 k. For example, the indices may have the
values (i = 1, j = 2, k = 3). Also, in (12c), the integration is taken over each interval Zi. In (12a) and (12b),
the dimensionless functionsGðn; gÞ ¼ Mxðn2 þ g2 þ CÞ þ Nyðn2g2  A2B2Þ ð13aÞ
Hðn; gÞ ¼ NxB2ðn2 þ g2 þ ngÞðn2 þ g2 þ CÞ þ A2B2ðMyng NxB2Þ
þ n2g2½NxB2 Myðn2 þ g2 þ ngÞ ð13bÞ
are symmetric in (n,g), and dimensionless terms are given asMr ¼ kr þ CrB2; Nr ¼ kr þ Cr with r ¼ ðx; yÞ ð14aÞ
kx ¼ ðb c2ÞCy  mCx; ky ¼ aCx  mCy ð14bÞAs indicated in (11a) and (11b), dimensionless thermal relaxation factorsd 00 ¼ 1 ch0p; d 01 ¼ 1 ch1p ð15Þ
also arise, where in the limit cases considered by Lord and Shulman (1967) and Sharma and Sharma (2002) it
is set, respectively, d 01 ¼ 1 and d 00 ¼ 1. Finally, q2k are dimensionless cubic roots of the equation
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 
q4 þ a1 þ b1hp
 
q2 þ a0 þ b0hp
 
B2 ¼ 0 ð16Þwhere the coeﬃcients in (16) are given bya0 ¼ kcA2  khA2hc2; b0 ¼ keAec ð17aÞ
a1 ¼ A2B2 þ kcC  khChc2; b1 ¼ keCec ð17bÞ
a2 ¼ C þ kc  khc2; b2 ¼ kec ð17cÞThe above terms and those in (11)–(14) exhibit the following parameters:kc ¼ CxCy ; ke ¼
ae
aCy
; kh ¼ h0h
ah
aCy
ð18aÞ
C ¼ Dþ A2 þ B2; ﬃﬃﬃap A ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃb c2p ; aD ¼ ða 1Þðb 1Þ  m2; B ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 c2p ð18bÞ
Ce ¼ De þ A2e þ B2;
ﬃﬃﬃﬃ
ae
p
Ae ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
be  c2
p
; aeDe ¼ ðae  1Þðbe  1Þ  m2e ð18cÞ
Ch ¼ Dh þ A2h þ B2;
ﬃﬃﬃﬃ
ah
p
Ah ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bh  c2
p
; ahDh ¼ ðah  1Þðbh  1Þ  m2h ð18dÞIn (18), the following dimensionless constants are deﬁned:ae ¼ aþ ex; be ¼ bþ ey ; me ¼ mþ ﬃﬃﬃﬃﬃﬃﬃexeyp ; ce ¼ 1þ aebe  m2e ð19aÞ
ah ¼ aþ h
0
h0
ex; bh ¼ bþ h
0
h0
ey ; mh ¼ 1þ h
0
h0
ﬃﬃﬃﬃﬃﬃﬃ
exey
p
; ch ¼ 1þ ahbh  m2h ð19bÞ
er ¼ eC2r with r ¼ ðx; yÞ ð19cÞ
The (ex, ey) are dimensionless thermoelastic coupling constants for transverse isotropy, and in the limit cases
considered by Lord and Shulman (1967) and Sharma and Sharma (2002) it is set h 0 = h0 and h 0 = h1, respec-
tively. The terms in (14a) and (14b) are invariant under transformations (a,b,m)! (ae,be,me)! (ah,bh,mh). It
is also noted that (D,De,Dh) = 0 in the isotropic limit. Finally, standard results for a cubic equation (see e.g.,
Abramowitz and Stegun, 1972) can be used to write formal expressions for ðq21; q22; q23Þ in terms of (17).
4. Asymptotic results for the auxiliary problem
In view of the complicated form of the transformed solution (11) given before, it seems that numerical
inversion is the only possibility. Notice that numerical inversion of Laplace transforms is a procedure with
a lot of diﬃculty. However, past experience with analogous forms in thermoelastic problems (Brock and Geor-
giadis, 1997, 1999, 2000; Brock, 2003, 2004) shows that an asymptotic analytical approach can still be possible.
This approach follows from the Tauberian theorems on Laplace transforms (van der Pol and Bremmer, 1950;
Berg, 1967) and is based on the observation that, in view of (10), a transform approximation valid for jhpj  1
will give an inversion valid for jx/hj  1. The ﬁrst relation in (9) implies that such an inversion is robust
indeed. For example, any case where jx/hj > 1000 will lead to a reasonable approximation, so we consider here
the interval O(106 m) < jxj <1 to be the range of validity. Therefore, transform-related expressions pre-
sented above are expanded for small jhpj and only the lowest-order terms are kept. Thusðq1; q2; q3Þ ¼ A0;B0;
1ﬃﬃﬃﬃﬃﬃ
hep
p
  ﬃﬃﬃﬃﬃﬃpp ﬃﬃﬃ
p
p ð20Þwhere
ﬃﬃﬃﬃﬃﬃpp and ﬃﬃﬃpp can be viewed as, respectively, the functions ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃs pp and ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsþ pp with s a real number such
that s! +0 (the latter forms facilitate the introduction of the pertinent branch cuts in complex p-plane).
Length he and dimensionless parameters (A
0,B 0) are given by (18c) andhe ¼ hkec ; A
0 ¼ Xþ x; B0 ¼ X x ð21aÞ
2X ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
De þ ðAe þ BÞ2
q
; 2x ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
De þ ðAe  BÞ2
q
; A0B0 ¼ AeB ð21bÞ
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equations clearly shows that thermal relaxation is negligible for this asymptotic expansion, i.e., only classical
Fourier heat ﬂow (Boley and Weiner, 1985) governs the thermal ﬁeld. Then (11a) gives, for example,pu^x ¼
expðA0y ﬃﬃﬃﬃﬃﬃpp ﬃﬃﬃpp Þ
ðB0  A0ÞR NA
r^N
c44
 BUB
ﬃﬃﬃﬃﬃﬃpp ﬃﬃﬃ
p
p r^S
c44
 
þ expðB
0y
ﬃﬃﬃﬃﬃﬃpp ﬃﬃﬃpp Þ
ðB0  A0ÞR NB
r^N
c44
 BUA
ﬃﬃﬃﬃﬃﬃpp ﬃﬃﬃ
p
p r^S
c44
 
ð22Þwhere dimensionless parameters that appear are given byðNA;NBÞ ¼ aeAeðA0;B0Þ þ ðme  1ÞðB0;A0Þ ð23aÞ
ðUA;UBÞ ¼ meðme  1Þ  a2eA2e þ aeðA02;B02Þ ð23bÞ
R ¼ aec2Ae þ ½a2eA2e  ðme  1Þ2B ð23cÞQuantity R above is a Rayleigh-type form (i.e., a form corresponding to the existence of a certain type of gen-
eralized Rayleigh waves – speciﬁcally, transversely isotropic thermoelastic surface waves). Finally, the dimen-
sionless quantity D is deﬁnedD ¼ CxCyB2  kxky  c2ðNxNyB2 MxMyÞ ð24Þ
where, like the quantities (D,De,Dh), D vanishes in the isotropic limit.
Now, material characterization for the present case of thermal transverse isotropy may follow in an anal-
ogous manner of the isothermal transverse isotropy (Payton, 1983). In our case, we haveCategory 1 : 2
ﬃﬃﬃﬃﬃﬃﬃﬃ
aebe
p
6 ce 6 1þ aebe; 1 < be < ae
ae þ be 6 ce 6 1þ aebe; 1 < ae < be
2ae 6 ce 6 1þ a2e ; 1 < be ¼ ae
Category 2 : 1þ be < ce < ae þ be; c2e  4aebe < 0
Category 3 : ce < 1þ be; c2e  4aebe < 0:Further, an inspection shows that for speeds in the range 0 < v < c0vr, X in a material belonging to Category 3
remains positive real on the Re(c)-axis, but (A 0,B 0) are now complex conjugatesImðcÞ ¼ 0; 0 < jcj < c0 : A0 ¼ X ix; B0 ¼ X ix; x ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
De  ðAe  BÞ2
q
ð25ÞNotice that the dimensionless speedc0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ae
ﬃﬃﬃﬃﬃﬃﬃﬃﬃDep  me
ae  1
 2s
< 1 ð26Þvanishes in the isotropic limit. In addition, in this limit (A 0,B 0)! (Ae,B).
Study of (23c) also shows thatRð0Þ > 0; Rð1Þ < 0; RðcRÞ ¼ 0 ð0 < cR < 1Þ: ð27Þ
Thus cRvr is the Rayleigh speed in the material symmetry plane. To avoid singular behavior in (22), the value
c = cR is excluded from the range of the subsonic speeds of the surface disturbance. In view of this, inversions
of (22) and ðpu^y ; h^Þ were derived and the results are assembled in Appendix A (analogous results were derived
in the work by Brock, 2004). These results for the auxiliary problem will be applied next to the sliding contact
problem.
5. Application to sliding contact: solution candidate
Consider the n > 1 moving surface zones to be imposed by translation of a rigid die with speed V. Condition
(6) for y = 0 is now replaced by the following mixed condition:
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dV i
dx
ðx 2 ZiÞ; oyh ¼ 0 ð28ÞIn each contact zone Zi, li is the friction coeﬃcient and Vi(x) is the imposed normal displacement (indenter
proﬁle). The indenter proﬁle is smooth enough to ensure that the functions (Vi, dVi/dx, d
2Vi/dx
2) are all
bounded and continuous in Zi. Comparison of (6) and (28) shows, in view of (A.1b) and (A.3b) (see Appendix
A) and the following representation of the Dirac delta distribution (see e.g., van der Pol and Bremmer, 1950;
Bracewell, 1965)lim
g!þ0
dðnÞ ¼ 1
p
g
n2 þ g2 ð29Þthat the previous moving traction-zone results provide a solution candidate for sliding contact ifriS ¼ liriðxÞ; riN ¼ riðxÞ ðx 2 ZiÞ ð30aÞ
liMþ
R
ri
c44
þ 2aeAeX
pR
Xn
k¼1
Z
Zk
rk
c44
dt
t  x ¼
dV i
dx
ðx 2 ZiÞ ð30bÞIn particular, integration for the term k = i is taken in the Cauchy principal value sense. The set (30b) of sin-
gular integral equations (see e.g., Carrier et al., 1966; Erdogan, 1976) can, after the work of Brock and Geor-
giadis (2000) and Brock (2003), be solved to yield for x 2 Ziri
c44
¼ R dV i
dx
cos pti
Si
þPnk
x Lþk
x Lk
 tk sin ptip Xn
k¼1
1
Sk
Z
Zk
Pnj
t  Lj
t  Lþj


tj
dV k
dt
dt
t  x
" #
ð31ÞPrincipal value integration is again necessary for the term k = i, Pnk implies the product of factors indexed by k
over range k = 1,2, . . . n, andSi ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðliMþÞ2 þ ð2aeAeXÞ2
q
; ti ¼  1
2
þ 1
p
tan1
liMþ
2aeAeX
 1
2
< ti < 0
 
ð32ÞThe ti are eigenvalues of the integral equation set, and x ¼ Li locate, respectively, the leading and trailing
edges of contact zone Zi. They are not given from the problem statement, although subject to non-overlap
constraintsLþi  Li ¼ Li > 0 ði ¼ 1; 2; . . . nÞ; Liþ1 > Lþi ði ¼ 1; 2; . . . n 1Þ ð33ÞIn order to be the contact problem solution, candidate set (31) must satisfy certain additional conditions, and
these should allow determination of ðLi ; LiÞ. More speciﬁcally, these conditions stem from the Signorini
inequalities for contact problems and the constraint of negative rate of frictional work.
First, as the work of Georgiadis and Barber (1993) generally showed, the smoothness requirements for
Vi(x) should preclude singular behavior at the contact zone edges (in fact, contact stresses should tend to zero
continuously when a zone edge is approached). This constraint of smooth contact stresses, in the case of
smooth Vi(x), guarantees that there will be no interpenetration between indenter and half-space material out-
side the contact zones (ﬁrst Signorini condition). Vanishing of the contact stress, in turn, implies the following
conditions at x ¼ Lþi for the set (31) (see e.g., Erdogan, 1976)Xn
k¼1
1
Sk
Z
Zk
Pnj
t  Lj
t  Lþj


tj
dV k
dt
dt
Lþi  t
¼ 0 ði ¼ 1; 2 . . . nÞ ð34ÞThen, considering equilibrium, i.e., specifying the resultant force system exerted by the die on the half-space,
and n  2 requirements related to how the resultant force is distributed, gives the following n conditions:
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i
Z
Zi
ri dt þ F ¼ 0;
Xn
i
Z
Zi
tri dt þM0 ¼ 0 ð35aÞZ
Zk
rk dt þ F k ¼ 0 ðk ¼ 2; 3 . . . n 1Þ;
Xn
k
F k ¼ F ð35bÞHere F is the total compressive force (per unit length in the z-direction),M0 is the clockwise moment (per unit
length in the z-direction) about (x = 0, y = 0), and Fk is the portion of F assumed to be borne by zone Zk.
Substitution of (31) into (35a) and use of contour integration and Cauchy’s theorem produces the following
more explicit forms:c44R
Xn
i¼1
1
Si
Z
Zi
Pnk
t  Lk
t  Lþk
 tk dV idt dt þ F ¼ 0 ð36aÞ
c44R
Xn
i¼1
1
Si
Z
Zi
Pnk
t  Lk
t  Lþk
 tk dV idt tdt ¼ M0 þ F Xn
i¼1
tiLi ð36bÞNow, if it is also assumed that the width of any contact zone is much smaller than the separation between any
two adjacent zones, introducing the integration variablet ¼ eLi þ 1
2
Liu; eLi ¼ 1
2
ðLþi þ Li Þ ð37Þin (31), (34), (35b) and (36) and recognizing thatLi  Lkþ1  Lþk ði; k ¼ 1; 2 . . . nÞ ð38Þ
gives the robust approximationsXn
i
1
2Si
Z 1
1
uþ 1
1 u
 ti dV i
dx
ðeLi þ 1
2
uÞ du
1 u 	 0 ði ¼ 1; 2 . . . nÞ ð39aÞ
c44R
Xn
i
Li
2Si
Z 1
1
uþ 1
1 u
 ti dV i
dx
eLi þ 1
2
Liu
 
duþ F 	 0 ð39bÞ
c44R
Xn
i
Li
2Si
Z 1
1
uþ 1
1 u
 ti eLi þ 1
2
Liu
 
dV i
dx
eLi þ 1
2
Liu
 
du 	 M0 þ F
Xn
i
tiLi ð39cÞ
c44
RLk
2Sk
Z 1
1
uþ 1
1 u
 tk dV k
dx
eLk þ 1
2
Lku
 
duþ F k 	 0 ðk ¼ 2; 3 . . . n 1Þ ð39dÞIt is noted that integration is now with respect to a dimensionless variable, that the contact zone width/loca-
tion parameters appear explicitly only in the argument of speciﬁed functions, and that x ¼ eLi is the center of
each contact zone. More importantly, the parameter sets ðLi; eLiÞ for the contact zones Zi are uncoupled in (39).
Finally, the second Signorini condition states that the contact zones cannot sustain tension (see e.g., Geor-
giadis and Barber, 1993), whereas the last inequality pertains to the physical requirement that frictional work
rate cannot be positiveri 6 0; liriðV  _uxÞ 6 0 ðx 2 ZiÞ ð40Þ
In view of the ﬁrst requirement in (37) the second is reduced in a steady-state situation to1þ oxux P 0 ðx 2 ZiÞ ð41Þ
Construction of a complete solution is now illustrated for a problem of two-zone contact.
6. An example: two-zone contact
Consider a ‘rounded W’ rigid indenter (die) depicted in Fig. 2 and deﬁned in the moving coordinates by the
fourth-order polynomial
Fig. 2. A ‘rounded W’ rigid die sliding with speed V and its resultant force R on half-space.
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2
2L2
1 x
2
2L2
 
 L
4
ð42Þwhere, in accord with the asymptotic Laplace-transform inversion in Section 4, it is assumed that L h. Con-
tact is assumed to occur about the die bases (x = ±L, y = 0), and frictional properties in the zones are taken
identical. Thus,li ¼ l;
dV i
dx
¼ x
L
1 x
2
L2
 
ði ¼ 1; 2Þ ð43aÞ
Si ¼ S ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðlMþÞ2 þ ð2aeAeXÞ2
q
; ti ¼ t ¼  1
2
þ 1
p
tan1
lMþ
2aeAeX
ði ¼ 1; 2Þ ð43bÞTo illustrate their advantages, we for the moment neglect approximation (39). Thus, combining (31), (34) and
(43) and using contour integration and Cauchy’s theorem givesri
c44
¼ R
L3S
Lþ2  x
x L1
 t Lþ1  x
L2  x
 tðx Lþ1 Þðx Lþ2 Þðxþ Lþ1 þ Lþ2 þ tLZÞ ðx 2 ZiÞ ð44aÞ
ðLþi þ tLZÞ½L2  Lþ2i þ tðL1Lþ2 þ L2Lþ1 Þ þ
t
2
Lþi ðL21 þ L22  tL2ZÞ
 t
3
ð1 tÞðL31 þ L32  tL3ZÞ  tðL1Lþ1 L1 þ L2Lþ2 L2 Þ ¼ 0 ði ¼ 1; 2Þ ð44bÞ
LZ ¼ L1 þ L2; Li ¼ Lþi  Li ði ¼ 1; 2Þ ð44cÞIf (38) is now imposed then (44b) gives the two valid approximationsLþ Lþi þ tLi 	 0 ði ¼ 1; 2Þ ð45ÞUse of (39a) gives, of course, the same results directly. Result (44a) satisﬁes the ﬁrst constraint in (40) when0 < c < cR ð46ÞIn complete accord with the analyses by Georgiadis and Barber (1993) and Brock and Georgiadis (2000), this
range deﬁnes, therefore, sub-critical sliding speed. In other words, we restrict the indenter velocity to be in this
range in order to avoid non-uniqueness and instability of solution candidates.
Because n = 2, auxiliary condition (35b) and its robust approximation (39d) need not be considered. In
view of (45), we use approximation (39b) and (39c): substitution of (42) and use of contour integration and
Cauchy’s theorem gives
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2aeAeX
ð1þ tÞðL21 þ L22Þ þ tL1L2
 	þ FL
c44
	 0 ð47aÞ
ptR
2aeAeX
ð1þ tÞðL21  L22Þ þ
M0
c44
	 0 ð47bÞAs depicted in Fig. 2, the line of action of resultant force R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ l2
p
F and its point of intersection with the
half-space surface, respectively, arex ly ¼ M0
F
; x0 ¼ M0F ð48ÞSolutions to coupled equations (47) can be written in terms of (F,x0) asðL22; L21Þ 	
aeAeX
2ptð1þ tÞR
FL
c44
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2t  s2
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2t  1
q
Þ2 þ ðs 1Þ2
h i
ð49aÞ
s ¼ x0
L
ðjsj < 1Þ; st ¼ 2ð1þ tÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4ð1þ tÞ2  t2
q > 1 ð49bÞThe restriction on s guarantees both non-negative (49a), and in view of Fig. 2, (38) and (48), that the line of
action must pass between the die bases. Limit cases s = ±1 correspond to (L1 	 0, L2 	 L*) and
(L2 	 0, L1 	 L*), respectively, i.e., when single-zone contact occurs. Here, L* is the maximum width in this
limit, and is given byL
2 	  2aeAeX
ptð1þ tÞR
FL
c44
ð50ÞFor jsj > 1 zone parameters and corresponding traction in (44a) for the negative result in (49a) are discarded,
and width of the remaining zone given by the positive result. If the half-space surface is the only constraint on
the die, then s = ±1 deﬁnes the onset of tipping about, respectively, the leading and trailing die bases. Com-
parison of (44b) and (45) shows that assumption (38) uncouples the contact zones in so far as relating contact
edge location and width. As (47) shows, coupling is implicit via the zone widths themselves.7. Contact zone maximal values
Setting y = 0 in (A1a,c) and (A3a,c) (see Appendix A) gives in view of (28), (30a) and (40)oxux ¼ l BAe
x
L
1 x
2
L2
 
þMþ
R
1þ l2 B
Ae
 
ri
c44
ðx 2 ZiÞ ð51aÞ
h ¼  elNyB
aaeAe
x
L
1 x
2
L2
 
þ e
aR
T 3þ  l2 NyMþBaeAe
 
ri
c44
ðx 2 ZiÞ ð51bÞStudy of (51a) in light of (44a) shows that ðoxux < 0; o3xux > 0Þ, i.e., constraint (41) is not satisﬁed for all
x 2 Zi. Following Brock (2003, 2004), therefore, a global constraint based on the minimum value of oxux is
imposedo2xuxðx
i Þ ¼ 0; 1þ oxuxðx
i ÞP 0 ðx
i 2 ZiÞ ð52ÞStationary values of h in the contact zones follow of course from conditionoxhðx
i Þ ¼ 0 ðx
i 2 ZiÞ ð53ÞSubstitution of (51a), (51b) and (44a) and again invoking (38) reduces the equations in (52) and (53), respec-
tively, to the valid approximations
Table
Conta
s
0.9
0.7
0.5
0.3
0.2
0.1
0
0.1
0.2
0.3
0.5
0.7
0.9
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i  Li
Lþi  x
i
ð54aÞ
ku ¼ MþS lþ
Ae
lB
 
; kh ¼ 1S lMþ 
aeAeT 3þ
lBNy
 
ð54bÞThe non-integer polynomial in (54a) has a single positive real root which, after Brock and Georgiadis (2000)
and Brock (2003), is obtained for (52) and (53), respectively, asn ¼ t
1þ t ðGu;GhÞ ð55aÞ
lnðGu;GhÞ ¼ 1p
Z 1
0
tan1
2aeAeXt1þt
ðku; khÞ½ð1þ tÞt  t  lMþt1þt
dt
t
ð55bÞThe global constraints in (52) and the stationary values h* follow, respectively, as1þ 2lB
Ae
tþ 1
1 Gu
 
Li
L
P 0 ði ¼ 1; 2Þ ð56aÞ
h
 	  2elNyB
aaeAe
tþ 1
1 Gh
 
Li
L
ði ¼ 1; 2Þ ð56bÞExpressions (38) and (49) indicate that (56a) is generally satisﬁed except as c! cR. Study of (55b) shows that
the right-hand side of (56b) is positive, i.e., h* is maximal and contact zone temperature increases. Approxi-
mate maximum magnitudes jr
i j of the compressive contact zone traction ri follow in a similar manner:n ¼ 1 2t; r


i
c44
  	 2RS ð1þ tÞ
1þt
ðtÞt
Li
L
ði ¼ 1; 2Þ ð57ÞIt is noted that the root n in (57) is an analytic result and that, as with (41), contact zone coupling in (56) and
(57) is implicit in the contact zone widths given by (49a).8. Some calculations
Insight into eﬀects of sub-critical sliding speed (c < cR), friction (l) and intersection of the resultant force R
line of action with the half-space surface (s) on contact zone formation is obtained in view of (49a) from the
contact zone width ratio L2/L1. Calculations for the hexagonal material zinc (properties are listed in Appendix
B) at room temperature (T0 = 296 K) are given in Tables 1 and 2. The entries indicate that the width ratio
appropriately vanishes as s!1 and becomes unbounded as s! 1. Moreover, when the line of action inter-
section is nearer to the leading die base (0 < s < 1), the width ratio decreases both with increasing friction and1
ct zone width ratio L2/L1 for l = 0.1 vs dimensionless line of action intersection location s and dimensionless sliding speed c.
c = 0 c = 0.1 c = 0.2 c = 0.3 c = 0.4 c = 0.5 c = 0.6 c = 0.7 c = 0.8
0.0948 0.0949 0.0949 0.095 0.0951 0.0952 0.0955 0.0959 0.0966
0.2652 0.2652 0.2653 0.2655 0.2657 0.2659 0.2665 0.2672 0.2683
0.4376 0.4377 0.4378 0.438 0.4382 0.4384 0.4389 0.4397 0.4408
0.6305 0.6302 0.6307 0.6304 0.6305 0.6308 0.6312 0.6318 0.6327
0.7396 0.7395 0.7396 0.7397 0.7398 0.74 0.7403 0.7408 0.7415
0.8614 0.8615 0.8615 0.8615 0.8615 0.8617 0.8618 0.8621 0.8626
1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
1.1609 1.1608 1.1608 1.1607 1.1607 1.1605 1.1603 1.1599 1.1593
1.3521 1.3522 1.352 1.3519 1.3517 1.3514 1.3508 1.3499 1.3486
1.5861 1.5867 1.5856 1.5863 1.586 1.5853 1.5843 1.5827 1.5805
2.2851 2.2845 2.2843 2.2832 2.2823 2.2808 2.2782 2.2744 2.2684
3.7712 3.7704 3.7687 3.7665 3.7643 3.7605 3.7529 3.743 3.7267
10.547 10.542 10.536 10.525 10.519 10.502 10.467 10.422 10.349
Table 2
Contact zone width ratio L2/L1 for l = (0.1, 0.2, 0.5) and c = (0.2, 0.5) vs dimensionless line of intersection location s
s c = 0.2 c = 0.5
l = 0.1 l = 0.2 l = 0.5 l = 0.1 l = 0.2 l = 0.5
0.9 0.0949 0.0968 0.1019 0.0952 0.0976 0.104
0.7 0.2653 0.2686 0.2784 0.2659 0.2699 0.2816
0.5 0.4378 0.4412 0.4511 0.4384 0.4426 0.4543
0.3 0.6303 0.633 0.6409 0.6308 0.6341 0.6434
0.2 0.7396 0.7417 0.7477 0.74 0.7426 0.7496
0.1 0.8615 0.8626 0.8661 0.8617 0.8631 0.8672
0 1.0 1.0 1.0 1.0 1.0 1.0
0.1 1.1608 1.1593 1.1546 1.1605 1.1586 1.1531
0.2 1.352 1.3483 1.3375 1.3514 1.3467 1.334
0.3 1.5866 1.5798 1.5603 1.5853 1.5771 1.5542
0.5 2.2843 2.2665 2.2169 2.2808 2.2596 2.2042
0.7 3.7687 3.7231 3.5921 3.7605 3.7045 3.5517
0.9 10.536 10.327 9.8162 10.502 10.245 9.5394
L.M. Brock, H.G. Georgiadis / International Journal of Solids and Structures 44 (2007) 2820–2836 2831increasing sliding speed. If the intersection is nearer to the trailing base (1 < s < 0), there is a decrease both
with friction and speed. In both instances, variation with friction is more pronounced.
For insight into solution behavior in the contact zones, locations of the maximum temperature change and
maximum compressive stress in the zones are compared. These follow, respectively, from (54a), (55a) and (57)
asTable
Dimen
zone v
c
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8s
h ¼
1
L1
ðx
1 þ LÞ ¼
1
L2
ðx
2  LÞ 	 t
1þ t
1þ tð1 GhÞ ð58aÞ
s
r ¼
1
L1
ðx
1 þ LÞ ¼
1
L2
ðx
2  LÞ 	 1 2t ð58bÞCalculations of (58) based on zinc at room temperature are given in Table 3. The negative values show that the
maximum compression and temperature increase locations always trail the die base, and that the lag for com-
pression is much larger than that for temperature increase. Both lags increase signiﬁcantly with increasing fric-
tion. For a given friction level, the lag for maximum compression location tends to increase with sliding speed.
The lag for location of maximum temperature, however, increases only until speeds near the Rayleigh limit
(cR = 0.8883), when it decreases.
For insight into contact zone thermal response, (56b) and (57) are combined to give the maximum temper-
ature increase achieved when the maximum compressive stress in the same zone reaches a given value r
i3
sionless location ðs
h; s
rÞ with respect to indentor baseline of maximum temperature increase and maximum compression in contact
s dimensionless sliding speed c for l = (0.1, 0.2, 0.5)
l = 0.1 l = 0.2 l = 0.5
s
h s


r s


h s


r s


h s


r
0.0079 0.0142 0.0158 0.0284 0.0395 0.071
0.0081 0.0144 0.0159 0.0286 0.0397 0.0714
0.0083 0.0148 0.0164 0.0294 0.0409 0.0732
0.0087 0.0154 0.0172 0.0306 0.0428 0.0762
0.0092 0.0162 0.0185 0.0326 0.0456 0.0808
0.01 0.0176 0.0199 0.0352 0.0497 0.0878
0.0111 0.0198 0.022 0.0394 0.0521 0.0978
0.0118 0.0228 0.0236 0.0456 0.0582 0.113
0.0075 0.028 0.0151 0.056 0.0372 0.1382
Table 4
Parameter for maximum contact zone temperature increase h* for l = (0.1, 0.2, 0.5) vs dimensionless sliding speed c
c c44r
i
h
(K), l = 0.1 c44r
i h

(K), l = 0.2 c44r
i h

(K), l = 0.5
0 279.94 279.9 279.58
0.1 276.81 278.94 279.06
0.2 276.3 278.39 277.63
0.3 274.77 274.72 275.19
0.4 269.51 271.36 271.36
0.5 267.23 265.42 266
0.6 256.68 256.6 256.64
0.7 240.74 240.64 240.83
0.8 196.14 196.49 198.08
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r
i
h
 	 elB
aaeAe
NyS
R
ðtÞt
ð1þ tÞ1þt tþ
1
1 Gh
 
> 0 ð59ÞThe uncoupling eﬀects of (38) are reﬂected in the presence of r
i as the only zone-speciﬁc parameter. Some
values for the right-hand side of (59) are given for zinc at room temperature in Table 4 for various friction
levels and sliding speeds. Variation with l is seen to be, in fact, nominal, but an inverse variation with c occurs,
and is somewhat more pronounced.
9. Formulation outline for the general case
While illustrative, the two-zone contact case assumed that both die bases exhibit the same friction coeﬃ-
cient, and that a single polynomial function for the die proﬁle can be generated. For the general case n > 1
depicted in Fig. 1 it is likely that a polynomial of a very high order would be required. Perhaps a Fourier series
could be employed and, indeed, a periodic die proﬁle might require only a single term. Eq. (39), however, sug-
gests an alternative approach that (a) does not require periodicity, and (b) allows the use of polynomials that
lend themselves to integration processes that can be performed analytically using contour integration and
Cauchy’s theorem. To complete the present analysis, key steps in formulating this more general case are out-
lined here.
Returning to Fig. 1, we assume that the normal force system applied to the die can be described as a purely
compressive line load over the upper (horizontal) edge of the shaded region. One can therefore locate the ori-
gin of the translating coordinates directly under the left-most point, so that the line load function can be writ-
ten as f(x) > 0. The same coordinate system can also be used to locate the lower-most points x = xi
(i = 1,2, . . . ,n) along the die proﬁle and the upper-most points x ¼ x0i ði ¼ 1; 2; . . . ; n 1Þ between two adja-
cent low points, i.e., xi < x0i < xiþ1. The resultants appearing in (39) can thus be written asF k ¼
Z x0k
x0
k1
f ðtÞdt ðk ¼ 2; 3 . . . n 1Þ; F ¼
Z W
0
f ðtÞdt; M0 ¼
Z W
0
f ðtÞtdt ð60ÞParameterW is the width of the upper edge of the shaded region, and static equivalency allows (39b) and (39c)
to be replaced by extending (39d) to include the cases k = (1,n), whereF 1 ¼
Z x0
1
0
f ðtÞdt; F n ¼
Z W
x0
n1
f ðtÞdt ð61ÞWe also assume that contact will take place in single zones about each low point x = xi (i = 1,2, . . . ,n), i.e.,
xi 2 Zi, and that it is possible to ﬁnd polynomialsdV i
dx
	
Xm
1
pikðx xiÞk1 ði ¼ 1; 2; . . . ; nÞ ð62Þof order mP 1 that accurately represent the die proﬁle in each contact zone.
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can be used with (39a), (39d) and (61) to giveLi ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Si sin pti
ptið1þ tiÞR
s ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F i
pi2c44
s
; eLi ¼ xi  pi1pi2  12þ ti
 
Li ði ¼ 1; 2; . . . ; nÞ: ð63ÞEqs. (23c) and (32) hold, and it is noted that the die curvatures that arise in the contact zones of Fig. 1 require
that pi2 < 0 (i = 1,2, . . . ,n). Eq. (63) can then be solved for the contact edge location parameters L

i . Condition
f(x) > 0 guarantees that Fi > 0. Tipping would occur if f(x) 6 0 in continuous regions at the leading or trailing
edge of the upper die surface depicted in Fig. 1 and, appropriately, (63) for a zone can be discarded when
Fi 6 0, i.e., contact does not occur about the corresponding low point of the die proﬁle. In regard to the uni-
lateral constraints (40) and (41) and maximal value results corresponding to (52–57), it is noted that formulas
have been worked out for single-zone sliding contact by a parabolic die on transversely isotropic and isotropic
half-spaces, respectively, in Brock (2003) and in Brock and Georgiadis (2000). In the interest of brevity, these
are not reproduced here.10. Concluding remarks
1. An exact integral-transform solution for the dynamic steady state response in plane strain of a coupled
thermoelastic transversely isotropic half-space to the motion of n > 1 zones of surface traction over the
surface was given. The thermoelastic model encompassed two special cases of thermal relaxation, and
speed was subsonic.
2. Asymptotic forms were extracted and transform inversions given. These were analytic, and depended on
a three-category characterization of transverse isotropy similar to a scheme employed for the isothermal
case. They were used to obtain a candidate for the exact solution to the mixed boundary value problem
of n > 1 contact zones formed by a sliding rigid die in the presence of friction.
3. Imposing the auxiliary requirement of non-singular behavior in contact zones led to n equations for the
2n contact zone location and width parameters. The other n equations arose by specifying the resultant
force and moment exerted on the die, and how that resultant force is actually distributed. Because the die
is rigid and does not itself accelerate, this force system is transmitted directly to the half-space surface
through the contact zones. Traction distribution was not assumed, but obtained analytically as a quad-
rature of the die proﬁle function. Thus, the n conditions were linear relations of the force system and
such quadratures. Based on a typical assumption (see e.g., Kuznetsov, 1985; Nosnovsky and Adams,
2000) that any contact zone width is much smaller than the separation between any two adjacent zones,
robust approximations for these 2n quadratures could be written in forms that exhibited the unknown
zone width/location parameters only in the proﬁle function itself.
4. As an illustration of their use, a die with two bases was treated. It was assumed that contact occurred
around each base, so that the pertinent regularity conditions along with the resultant force conditions
were suﬃcient to derive the four equations necessary to determine contact zone parameters. Use of
the tractable approximations of these produced a partly uncoupled set of equations for all the parame-
ters that could be solved algebraically.
5. Results showed that the contact zones indeed form around each base of the die, so long as the line of
action of the resultant force exerted by the die passed between the bases. If it passes through one zone,
then the other zone vanishes, i.e., if the half-space is the only constraint on the die, this situation repre-
sents the onset of tipping.
6. The results also satisﬁed the unilateral constraint of non-tensile contact and negative frictional work rate
for sub-critical (sub-Rayleigh) sliding speeds. Calculations for the hexagonal material zinc at room tem-
perature showed that the nature of the variation of relative contact zone width with friction and sliding
speed is especially sensitive to resultant die force line of action. The locations in each contact zone of
points of maximum compressive stress and maximum temperature increase varied markedly with sliding
speed and friction, but always lay behind the die base.
2834 L.M. Brock, H.G. Georgiadis / International Journal of Solids and Structures 44 (2007) 2820–28367. To complete the analysis, a formulation for the general case n > 1 was presented, that assumed that the
die proﬁle can accurately be represented by polynomial functions in the most likely (lower-most) contact
zone sites. For the case of quadratic proﬁle functions, equations for the width and location of the center
of each contact zone were presented.
8. The asymptotic analysis valid for jx/hj  1, which case for most engineering materials corresponds to
the interval O(106 m) < jxj <1, showed that there are no thermal relaxation eﬀects in this length scale.
Such eﬀects could become appreciable when much smaller length scales are considered.
9. The two-zone case results showed that the additional (often plausible) assumption that contact zone
width is much smaller than contact zone separation yields a tractable set of equations that might
be solved algebraically for all contact zone width/location parameters. Such an assumption is typ-
ical for a rigid die (see e.g., Kuznetsov, 1985) and, in the present analysis, also led to algebraic
formulas for locations and values of maximum compressive stress and contact zone temperature
increase.
10. Certainly, the approach adopted here is more daunting than such in classical eﬀorts (Kuznetsov, 1985).
However, the present approach leads to useful results even when assumptions about thermomechanical
behavior and speciﬁc zone-size are not warranted.
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Appendix A
For Category 1 and 2 (0 < c < 1) and Category 3 (c0 < c < 1), asymptotic solutions for y > 0 are obtained by
inversion of transform (22) and counterparts for ðpu^y ; h^Þ asoxux ¼ 1
2pxR
Xn
i
Z
Zi
riN
c44
NBB0y
s2 þ B02y2 
NAA
0y
s2 þ A02y2
 
dt
þ B
2pxR
Xn
i
Z
Zi
riS
c44
UAs
s2 þ B02y2 
UBs
s2 þ A02y2
 
dt ðA:1aÞ
oxuy ¼ Ae
2pxR
Xn
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c44
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s2 þ A02y2 
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s2 þ B02y2
 
dt
þ 1
2pxR
Xn
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NAB0y
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NBA
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s2 þ A02y2
 
dt ðA:1bÞ
h ¼ e
2ax
1
pR
Xn
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Z
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riN
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KAB0y
s2 þ B02y2 
KBA
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s2 þ A02y2
 
dt
þ e
2ax
B
pR
Xn
i
Z
Zi
riS
c44
T As
s2 þ A02y2 
T Bs
s2 þ B02y2
 
dt: ðA:1cÞIn addition to those deﬁned in (23a), (23b) and (A1) exhibits the termss ¼ t  x ðA:2aÞ
ðKA;KBÞ ¼ NxBðA0;B0Þ MyAeðB0;A0Þ ðA:2bÞ
ðT A; T BÞ ¼ MxB2  NyðA02;B02Þ ðA:2cÞ
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2pR
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dt ðA:3aÞ
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 !
dt ðA:3cÞIn addition to those deﬁned in (23a), (23b) and (A3) exhibits the termss ¼ t  x xy ðA:4aÞ
K ¼ ðme  1Þ2  a2eA2e  c2 ðA:4bÞ
T 3 ¼ NxBMyAe; M ¼ aeAe  ð1 meÞB ðA:4cÞIt is noted that (A1) and (A3) coincide when either c! c0 or y = 0.
Appendix B
Properties of the hexagonal material zinc at room temperature are given by Sharma and Sharma (2002)c11 ¼ 162:8 GPa; c22 ¼ 62:7 GPa; c44 ¼ 38:5 GPa; c12 ¼ 50:8 GPa; c13 ¼ 36:2 GPa
q ¼ 7140 kg=m3
T 0 ¼ 296 K; cv ¼ 390 J=kg m; Kx ¼ Ky ¼ 124 W=mK
ax ¼ 5:818ð106Þ 1=K; ay ¼ 15:35ð106Þ 1=KIn view of (26) and (27), these values give the dimensionless Category 3 speed and dimensionless Rayleigh-
wave speed in the plane of material symmetry as, respectively, c0 = 0.999 and cR = 0.8883.
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